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ABSTRACT 5 

The fascinating perfection of the geometric forms at Castel del Monte exudes a master design plan that 6 

scholars have endeavored to decipher for some time. This study considers the castle from a construction 7 

perspective, focusing on the cross vault lateral thrusts, a key component in the stability of the edifice. 8 

The solution to the lateral thrusts at Castel del Monte is provided by the diagonals that form the 9 

compass rose within the plant octagon. The plant design of Castel del Monte is decoded using geometric 10 

derivations. The result is a fascinating story of geometry weaved with mystical beliefs in the design of 11 

the castle, a story in step with the knowledge and culture at the beginning of the XIII century in Europe. 12 

 This study reveals the first two stages of the geometric design process: the concept phase that outlines 13 

the overall design process and gives the castle its basic forms and dimensions, and a near 14 

contemporaneous modification to resolve a spacing problem at the towers. The study highlights the role 15 

of geometry for dimensioning structures, besides its classical role for defining architectural forms, and 16 

exposes the mathematical model hidden in the geometric derivations. The theorized design model 17 

explains features that have mystified scholars like Heinz Götze, and predicates the plant forms and 18 

measures precisely, often to a fraction of a centimeter. The complexity of the design details, the natural 19 

and logical explanations in tune with the medieval beliefs and knowledge, and the precision of the 20 

results together provide convincing evidence that this must have been the design plan in the mind of the 21 

architect. More significantly, this study opens a new window into the scientific knowledge at the height 22 

of the Middle Age, with very fascinating revelations. 23 

 24 

BACKGROUND 25 

Castel del Monte was built by Frederick II Hohenstaufen in southern Italy near Andria, about 30 miles 26 

northwest of modern Bari, around 12401,2. It is part of a chain of castles that were built in southern Italy 27 

by Frederick II Hohenstaufen, known in antiquity as Stupor Mundi for his accomplishments. Castel del 28 

Monte stands apart from other medieval castles for its exquisite geometric shapes; Heinz Götze3 called 29 

it the geometric marvel of the Middle Ages. It represents the highest achievement in Hohenstaufen 30 

architecture that includes about 200 structures. This castle is located in a remote area, rising like a 31 

crown on a hilltop, an inspirational comparison made by many scholars4,5; see Figure 1. The castle has 32 

raised much interest with its eye-catching geometric forms. Upon closer examination, however, 33 

questions arise about the scarcity of military features for a fortress, the isolation together with a lack of 34 

support services for a regal residence, and the imposing size and lavish decorations for a hunting lodge.  35 
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The castle has unique features that distinguish it from other fortresses and palaces of the period: a 36 

repeating octagonal figure in the plant and the towers, Figure 2, and a near fixation with the number 37 

eight. Because of a lackluster history and a scarcity of information, these features have given rise to 38 

many fanciful conjectures about the purpose of this castle, including astrological connections6 in the like 39 

of Stonehenge, and even the occult. 40 

Scholars have provided ample historical, artistic, and cultural studies about this castle1,2,3. Few studies, 41 

however, have attempted to understand the edifice from a structural point of view. Many researchers 42 

have taken measurements of the plant7,8, fascinated by the inspirational geometric forms. Heinz Götze 43 

has gone further than any other in formulating a compelling theory on the genesis of the geometric 44 

design at Castel del Monte9. Assembling an extensive collection of historical and archeological 45 

references from the Mediterranean basin, H. Götze’s rationalization of the design is an embroidery of 46 

cultural notes and historical details. Many scholars do make reference to the “static” aspect in 47 

connection with the weighty dimensions, but this observation is the extent of their structural analysis. 48 

The missing structural consideration can be attributed to the technical nature of this subject matter and 49 

to a lack of appreciation of the problems involved with stone vault construction. Structural questions 50 

have historically been associated with builder’s skills, with masons, and not as aspects of the 51 

architectural planning. The structural considerations for the bearing structures of Castel del Monte, 52 

although more obscure, played a key role in the creation of the castle design, and were as essential as 53 

the religious, social and cultural customs of this time, which had a more visible impact in the stylistic 54 

forms and details of the final construction. The structural considerations are addressed in this study at a 55 

basic level, as the medieval architects and mathematicians would have seen them, requiring simply the 56 

geometric knowledge of triangles and squares. 57 

Geometry is an ancient science, dating back to Archimedes, the Greeks and the Egyptians. Geometry 58 

was an important science to ancient architects, not only because geometry served to define 59 

architectural forms, but also because geometry was used as a tool to solve structural problems and 60 

define dimensions. This is most evident at Castel Del Monte, where the geometric results become 61 

themselves marvelous architectural forms. This use of geometry at Castel del Monte may be an 62 

extreme, unique example in the Middle Ages, as Castel del Monte architecture seems to have no 63 

historical precedent in Hohenstaufen architecture10 and no equivalent in medieval architecture. 64 

Geometry was a godsend in a world where building was all about overcoming gravitational forces by 65 

people that did not yet have a clear and organized understanding of gravity. Indeed, few more hundreds 66 

years would pass before Kepler, then Galileo and finally Newton would unlocked the heavenly laws and 67 

provide a clearer understanding of the gravitational force and its effects on building structures. But 68 

structural requirements were true and inevitable then as they are today, and geometry served to solve 69 

layout and dimensional issues. These ancient designers had stone to work with as the ultimate 70 

construction material, walls and arches were their main structural elements, and geometry was their 71 

analytical tool, spiced up with a dose of mysticism and superstition. It is the use that these ancient 72 

designers made of geometry that allows us to read through the dimensions and shapes at Castle del 73 

Monte and piece together their creative work. 74 
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PLANT LAYOUT 75 

The castle was the fruit of detailed and sophisticated planning that rivals our modern building 76 

endeavors, limited by the cultural and scientific knowledge at the height of the Middle Ages. 77 

Unfortunately, no historical documentation has survived that tells us about the architect and his design 78 

notes for Castel del Monte. Most of the royal archives were destroyed11 following the fall of the 79 

Hohenstaufen dynasty later in the XIII century12.  80 

The plant is revealed from a high point of view, see Figure 3. It is in the shape of an octagon with 81 

octagonal shaped towers tucked inside the corners of the plant octagon, an octagonal edifice (the court) 82 

in between the towers, and an octagonal courtyard at the center. Figure 2 outlines the castle plant in its 83 

basic design forms; the rooms, the walls, the towers and the courtyard. Services, doors, windows, 84 

ornaments and others design forms are part of the detailed design that came later, probably carried out 85 

by Cistercians that may have attended to the detailed design and the construction.  86 

Each side of the plant octagon forms a triangular wing. There are eight rooms in the plant design. A 87 

room in the shape of a trapezoid is geometrically carved in each of the eight wings of the castle, bound 88 

on the outside by the façade wall and on the inside by the courtyard wall. The major diagonals of the 89 

plant octagon mark the dividing walls between these rooms, and form the slant sides of the trapezoidal 90 

rooms. It is a simple, straightforward and geometric allocation of space inside the plant octagon. A 91 

detailed rendition of the actual plant layout is provided by H. Götze7.  92 

The ground floor is elevated above the surrounding terrain, about 8.5 ft (2.57 meter) on average, see 93 

Figures 1 and 4. The foundations start at ground level, following the irregular elevation of the rocky 94 

hilltop. The towers have a footing ledge that rises from the rock bed to the first floor elevation. There 95 

are no livable spaces below the ground floor. The underground facilities include a cistern below the 96 

courtyard for the collection of rain water and holes intended for sanitary effluents at the bottom of 97 

some towers. For the most part, the castle seems to rest on the undisturbed top of the hill, except for 98 

the courtyard area that may have been leveled in preparation of the construction. Masonry fills in the 99 

space needed to create the elevated ground floor. The tower footings give the perception of 100 

foundations above ground, Figure 4. 101 

The castle has two floors, each with eight rooms and the same plant layout. The towers and walls rise in 102 

cohesive structures from the ground to the upper floor. The vault construction, structurally identical for 103 

each of the 16 rooms, is complex due to the trapezoidal shape of the rooms, Figure 5. The trapezoidal 104 

vault is composed of a square cross vault taking the central square area of the trapezoid, and vaults 105 

extended from the two open sides of the cross vault to fill in the triangular areas left in the trapezoidal 106 

shaped ceiling. The vaults are in gothic style; the cross vault groins are marked by rib arches that rest on 107 

semi-columns at the corners of the cross vault square. The semi-columns are attached to the walls with 108 

masonry that is amalgamated into the walls. All sixteen rooms in the castle have the same exact layout. 109 

The massive, hemispherical columns on the ground floor are replaced on the upper floor by a slimmer 110 
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design composed of three merging marble columns, also amalgamated into the walls. The cross vault 111 

square area is further accentuated by arched ribs that follow the gothic vaults at the perimeter of the 112 

square cross vault area, joining with the cross vault groin ribs on top of the capitals. It is a stylized design 113 

that emphasizes the cross vault, setting it apart as a square room within the imperfect trapezoidal room.   114 

The plant model addressed in this study is based on the geometric similarity in each of the eight wings of 115 

the plant octagon and various symmetries in the octagonal layout. There are actually some minor 116 

deviations from the perfect geometry, as mentioned by scholars13. While incidental deviations may have 117 

their own explanation in the architect’s design or the builder’s construction, they are irrelevant and 118 

distracting details in the pursuit for the basic conceptual design. As addressed by H. Götze, Castel del 119 

Monte includes two distinct designs14: a basic design that is of a geometric nature and served to define 120 

the overall forms and dimensions; and a second design that addressed functional and artistic features. 121 

The focus in this study is on the basic design. The quest is to find out by what means the architect 122 

derived the geometric layout for the plant, how he derived the measures for rooms and walls, and how 123 

these relate to and solve the structural needs of cross vaults.  124 

The plant main octagon is the octagonal outline formed by joining the tower outer corners, an invisible 125 

octagon outlined in Figure 3. It is the starting line in a process that develops the design from the plant 126 

perimeter inward toward the center, making the courtyard the last element to be defined. This is at 127 

variance from scholars such as H. Götze15 that theorize a geometric design that starts with the courtyard 128 

octagon and proceeds outward to the perimeter of the castle, the towers being designed last. The new 129 

theory, based on structural considerations, looks at towers as counterpoises for the lateral trusts; much 130 

like foundations, they come first in the construction process.  131 

 132 

CROSS VAULT LATERAL THRUSTS 133 

The inspiration of an octagonal castle with octagonal-shaped towers was a breakthrough vision of 134 

religious symbolism merging with the harmonic features of the octagonal geometry, producing unique 135 

solutions to vault structural requirements, solutions that may have seemed godsends to the medieval 136 

architect. Many of the geometric relationships used in this study are based on geometric shapes, 137 

primarily triangles, formed by various diagonals drawn inside the plant octagon. These diagonals are 138 

referred to as major when joining every fourth corner, minor when joining every third corner, and small 139 

when joining every second corner of the plant octagon, Figure 6. The minor diagonals form the compass 140 

rose, amply discussed by H. Götze16; it is a star shape also known in ancient times as the Islamic eight-141 

pointed star. The minor diagonals are key lines in the structural solution and geometric design of Castel 142 

del Monte. The small diagonals turn out to be the sides of the two squares, each rotated by 45 degrees 143 

compared to the other, and both inscribed inside the plant octagon. Many scholars indeed refer to the 144 

ancient practice of using these squares to construct an octagon17. 145 
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Cross vaults generate lateral trusts that have to be balanced for the vault to be a solid, stable 146 

construction. The solution is in the form of static masonry, which provides a response force that 147 

counters the lateral trust. In square cross vault construction, the lateral thrusts are four net forces, 148 

which can be visualized as emanating from the square center and spreading out, directed along the 149 

square diagonals toward the four corners of the square. The flow lines for these forces follow the groins 150 

of the cross vault. Pillars or other forms of counterpoise are necessary at the four corners of the square 151 

or along the diagonal lines outside the square to balance the cross vault lateral thrusts and hold the 152 

cross vault in place.  153 

The solution that the architect saw in the minor diagonals of the plant octagon is that they are the 154 

action lines for the lateral trusts and, in addition, two cross vaults located in two non-adjoining rooms 155 

fall on this line together with two of the towers. It is the same pattern for each of the minor diagonals, a 156 

geometry built into the octagon by the minor diagonals forming the compass rose. This may have been 157 

the genial solution for choosing the octagon as the plant form or in combining the octagonal form with 158 

the requirements of square cross vaults. Indeed a thought is that the octagonal shape may have been an 159 

experimental design, which may explain other circumstances about this castle, such as the remote 160 

location and the pristine geometric design.  161 

As shown in Figure 6, the location of the cross vaults is defined by the right-angle intersections of the 162 

plant octagon minor diagonals. This is geometric coincidence between a feature in the octagon minor 163 

diagonals and the requirement in a square cross vault that the lateral thrusts be at right angle to each 164 

other. A number of structures can be seen on any one of the minor diagonals: the cross vaults two 165 

rooms apart, a portion of the courtyard wall in the middle, and a tower at each end. This pattern repeats 166 

around the plant octagon and is identical for each minor diagonal.  167 

It is important at this time to point out the intersection of the minor diagonals from the court to the 168 

towers. The intersection is at the point at which the tower is attached to the castle, another geometric 169 

coincidence. It is a critical point because on one side of the minor diagonal there is solid masonry and on 170 

the other side there is open air. Considering that lateral forces flow along the minor diagonals and cross 171 

at this point from the court to the tower, the lack of solid masonry on one side presents challenges that 172 

the architect had to address, as we shall see later.  173 

Figure 7 shows the lateral thrusts from the cross vaults and the response forces from the masonry. From 174 

each cross vault, a lateral force flows to the tower nearby on one side, and another flows on the other 175 

side to the shoulder of the courtyard wall section in the adjacent room. The towers work as the ultimate 176 

counterpoise, each countering the forces coming along two converging minor diagonals. Each side of the 177 

octagonal courtyard wall is the meeting place for two lateral trusts flowing in opposite directions, each 178 

coming from cross vaults in non-adjacent rooms and lined up along the same minor diagonal. Each of 179 

the eight sides of the courtyard wall can be seen as a section that structurally works as: (1) a shoulder 180 

counterpoise, one at each end; (2) a spacer for two counteracting lateral thrusts; or (3) a conduit that 181 

lets the lateral thrust flow to the other far away tower, with another cross vault on its path. These are 182 
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not exclusive functions, they are instead coexisting and complementary structural roles. Clues on the 183 

functional role as seen by the medieval architect come up later in the course of the analysis 184 

presentation.  185 

The significance of this layout as a solution to the cross vault lateral thrusts is that the minor diagonals 186 

define the precise location of the cross vaults in the rooms and constrain the location of the courtyard 187 

wall as well. Whatever else the architect wanted to do, he had to reconcile with these basic design 188 

requirements of keeping structures lined up along straight lines, the minor diagonal lines. While a 189 

structural requirement, this also solves geometrically for the location of these key structures. We will 190 

see later how the dimensions were derived from the geometry. The towers, with 85% of their volume 191 

being solid masonry, make excellent counterpoises. 192 

The counterpoise solution at Castel del Monte ultimately is the arrangement of eight massive towers in 193 

a circle around the base octagon with cross vaults lined up along the minor diagonals joining these 194 

towers. The courtyard wall serves as a conduit for lateral thrusts flowing in opposite directions. 195 

Interestingly, the façade wall and the dividing walls play no major role in the solution of these lateral 196 

forces for a stable edifice. The fact that the façade wall is as massive as the courtyard wall is a 197 

coincidence; they have completely different structural functions and form definitions, as we shall 198 

explore later.  199 

We find an overabundance of masonry here that is characteristic of medieval castles, although it is for 200 

structural and architectural needs in this case and not for defensive purposes, the latter being 201 

characteristic of medieval fortresses. As indicated earlier, medieval architects worked intuitively in 202 

dealing with gravitational forces that they did not quite understand, and massive walls, although 203 

expensive, provided design safety to ensure a construction that would be robust. Large walls here also 204 

serve as filler space to achieve the design objective of clean and simple geometric forms that is the 205 

characteristic of Hohenstaufen’s architecture18.  206 

 207 

UNIT OF MEASUREMENT 208 

A key to understand any architectural design is the unit of measurement. This study identifies the unit of 209 

measurement used at Castel del Monte to be the foot measuring 0.3024 meter. It is an elongated 210 

version of the Roman foot, 0.2959 meter. The Castel del Monte foot is very similar to the modern 211 

English foot, 0.3048 meter, with which it shares a probable Germanic origin19. This finding is in 212 

agreement with other northern European influences evident at the castle, such as the Gothic arch 213 

design. The measure of the foot at Castel del Monte is deduced as the value that results in a match 214 

between the castle dimensions predicated in this study and the measurements reported in the 215 

literature. The complexity of the final design model together with the perfect agreement between the 216 

predicated and actual measurements for key forms provides evidence in support of this foot dimension. 217 

Other scholars have guessed a value that is indeed in this range20,21. 218 
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The predicated dimensions are deduced in this study as the castle plant design is decoded and a 219 

mathematical model is assembled for the design process. The “mathematical” design, much talked 220 

about by scholars and sensed by those that visit and are left astonished by the geometric perfection, is 221 

not an hyperbole but a true foundation for Castel del Monte.  222 

The predictive power of the proposed design model based on this unit of measurement is amazing. The 223 

deviation between the predicted measures and the reported measures for a group of ten key measures 224 

that are known is altogether 0.04% on average, with 0.28% as the largest deviation. This congruence is 225 

remarkable considering some inevitable measurement uncertainties and unavoidable limitations in the 226 

builder’s implementation abilities 800 years ago. This precision and congruence in the model’s results 227 

provide strong and irrefutable evidence that indeed a foot of about 0.302 meter was the unit of 228 

measurement used at Castel del Monte. 229 

The remainder of this study deals with measurements based on the Castel del Monte foot, which is less 230 

than 1% smaller that the modern standard foot. A metric equivalent is also included when comparing to 231 

the known measures. However, much of the discussion is carried out in feet, because of the significance 232 

and role of this unit of measure in the medieval design.  233 

There is no knowledge about how the foot was subdivided at Castel del Monte. Decimal fractions are 234 

used in this study. Historically, the foot was divided for common usage either in 12 thumbs or 16 235 

fingers19. The 12-thumb division is the more likely unit, because 12 is evenly divisible by the most prime 236 

numbers (1, 2, 3, 4, 6), and because of the duodecimal mathematical system common in this time 237 

period. 238 

 239 

BASE OCTAGON AND THE BASE SQUARE DIMENSION 240 

The first step in drawing the plant octagon is to draw the base square which fits inside the plant 241 

octagon. This approach makes for a simpler process to draw an octagon from scratch. It is a process 242 

agreed to by many scholars, amply discussed by H. Götze22. While a convenient step in the geometric 243 

drawing process, there are religious and symbolic considerations that unite these figures in the medieval 244 

culture, where shapes, numbers, and geometric forms mixed with religion. In the Middle Ages, the 245 

square symbolized the earth, and the circle symbolized perfection, often associated with God and 246 

paradise3. The octagon, a figure between the square and the circle symbolized the transition from earth 247 

to paradise, from man’s human failings to perfection.  248 

In choosing a dimension for the square that represented the earth, the architect sought a measure that 249 

related to the earth. The length of the year, the number of days in a year on earth is an appropriate 250 

earthly solution. The dimension of the base square is uniquely defined by its diagonals (“D”), Figure 8. 251 

The architect concluded that the base square major diagonals together should therefore measure the 252 

number of days in a year on earth for a square that represented the earth, 360 ft and some remainder, 253 
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Figure 8. It should be noted that in the Middle Ages the common understanding was that a year was 360 254 

days plus a remainder, much like today the year is commonly understood to be 365 days plus a 255 

fractional remainder not easily remembered (the solar year is 365.24219878… days). It is a forensic 256 

guess for this study, one that proves in the end to be correct and fits perfectly with the religious 257 

symbolism of medieval culture. 258 

The side and diagonal of a square are related to each other by the Pythagorean relationship, the square 259 

root of two. Accordingly, a diagonal of 180 ft gives a side (“L”) for the square of 127.28 ft. The architect 260 

rounded it up to 128 ft exactly. This means that the exact sum of the two diagonals is 362.04 ft, which is 261 

consistent with 360 ft plus a remainder for the length of the year. The preference by the architect of 262 

128-ft for L is based on the fact that the quartile square, as shown in Figure 8, has a side (“l”) of 64 ft 263 

exactly, half the side of the base square. The diagonal of the quartile square is the radius of the base 264 

octagon (“r”), 90.51 ft. It is interesting to note that 64 is the result of the product of two eights (8 x 8 = 265 

64); there are two floors in the castle each with eight rooms. While this may be all coincidental, the 266 

circumstances are highly indicative that these facts may have been in the mind of the medieval 267 

architect, influencing his thought process as he formulated the overall concept of the castle. Another 268 

side note is that the towers have a footing, Figure 4, an important feature discussed later, one that is 269 

not present at the main walls of the castle. The base octagon formed at the outer footing corners has a 270 

major diagonal of 183.77 ft; two diagonals add up to 367.55 ft. 271 

The deduction that the side of the base square is 128 ft, and consequently the diagonal dimension of the 272 

plant octagon is 181.02 ft (54.70 meter) is supported by the measurement of the castle diagonal, 273 

estimated from data published by P. Petrarolo8 to be 54.56 meter; however, Petrarolo admits to 274 

“regularizing” the plant dimensions. H. Götze provides more precise data. The nominal castle diameter 275 

deduced from data published by H. Götze is 56.07 meter. Interestingly, none of the published studies 276 

focuses on a direct measure of the four base octagon diagonals.  277 

As discussed later, the final design includes slight modifications of the tower design that raises D to 278 

185.72 ft (56.16 meter), differing from the nominal measure by less than 0.16%. The sum of the two 279 

base square diagonals in the final plant design is 371.44 ft, increasing the remainder to 11.44 over 360. 280 

However, this stretching occurs in a successive design phase, after a number of modifications were 281 

deemed to be necessary by designers that transformed the concept plan into a practical implementation 282 

design. In the concept stage, at the beginning of the design process, the sum of the two base square 283 

diagonals is 362.08 ft. This loose correspondence was the solution conceived by the creator of the 284 

design concept, a mystical association. Some writers2,3 speculate about the likelihood that Frederic II 285 

himself may have contributed to the design of the castle. As it is the case for such architectural 286 

endeavors, here too the design likely passed through a number of hands, which may have included the 287 

concept creator that first set the overall dimension and features of the castle, the designers that 288 

translated the concept into a final plan complete with decorative forms, and the builders that provided 289 

the minute details and supervised the construction.  290 
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The rationale theorized for the plant dimensioning is intuitively consistent with the religious beliefs and 291 

symbolism in the Middle Ages, and is at variance with the theories elaborated by H. Götze23 that seek 292 

parallels to other renowned constructions of the time. What is agreeable is that the design was based on 293 

geometric proportionalities24. The thesis that the base square dimension of 128 ft must have been the 294 

starting dimension used by the architect of Castel del Monte is proven by the fact that no other 295 

combination for this measure together with any other unit of measurement reproduces the structural 296 

dimensions all accurate to within fractions of a centimeter. Given the complexity of the geometric 297 

model and the number of measurements involved, this is unlikely to be just a coincidence.  298 

 299 

CONCEPT DESIGN 300 

The design proceeded in various stages, progressing from the global to the minutia, from the structural 301 

to the aesthetic. The concept design is the first stage that served to lay out the shape and major 302 

structural components of the plant, towers and walls, while meeting the structural requirements of 303 

cross vaults. 304 

Tower Location and Size 305 

The location and size of the towers were determined first, using the geometric procedure outlined in 306 

Figure 9. The location for the towers is the counterpoise field, which is the ring formed between the two 307 

natural circles of the base square: the inscribed and the circumscribed circles, respectively with radii l 308 

and r. The diameters of these two circles are respectively the side and diagonal of the base square, L and 309 

D. The diameter of the tower octagon (“t”), measured along its major diagonal, is defined geometrically 310 

as the distance between these two circles, which is the difference between their radii. A tower octagon 311 

of diameter t is entered in the ring space at each of the eight corners of the plant octagon as shown in 312 

Figure 9. In each of the eight tower octagon cases, one of the tower octagon diagonal lies along one of 313 

the major diagonals of the base octagon. Other dimensions of the tower octagon, such as the tower 314 

octagon side (“s”), can be deduced geometrically from the tower octagon diagonal, t. The derivation is 315 

based on the octagon characteristic triangle, with angles of 90°, 22.5°and 67.5°, that comes up 316 

repeatedly when drawing various diagonals inside the plant octagon. Trigonometric relationships are 317 

used in the design model assembled in this study. Proportional ratios between the sides of similar 318 

triangles were likely used by the designers at Castel del Monte. Trigonometry was in its infancy at the 319 

height of the Middle Ages.  320 

The diameter of the tower octagon is 26.51 ft (8.01 meter); the tower octagon side correspondingly 321 

measures 10.15 ft (3.07 meter). H. Götze indicates that the dimension “calculated” for the regular tower 322 

octagon side is 3.09 meter25; this being the perfect tower octagon that scholars like H. Götze and W. 323 

Schirmer deduce from the slight irregular shape of the actual tower octagon construction26. 324 



The Geometric Design of Castel del Monte  

 
Domenico Lanera                                                                                                                                              File cdm-180-210 

 

10                                                   

H. Götze indicates that the actual measure of the tower octagon side is 3.23 meter, a uniform measure 325 

for the four visible tower octagon sides away from the façade wall. The tower was resized in a second 326 

phase of the design process. It will be shown that the size of the tower octagon side predicated by the 327 

final model is indeed 3.23 meter, and it will also be shown how the geometric changes resulted in the 328 

apparently irregular tower octagon observed by H. Götze and W. Schirmer. The concept design must be 329 

completed first in order to outline the overall design sequence before addressing the subsequent design 330 

modifications. The tower octagon as defined in the concept stage is a perfect octagon with a side that 331 

measures 10.15 ft.  332 

In the actual deployment of the design on top of the hill, the theorized approach is that wooden 333 

negative templates of the tower octagons were set in place, tucked into each of the eight corners of the 334 

plant octagon. These templates first guided the masons in shaving the top of the hill, cutting steps from 335 

the natural sloping rock within the tower space, to form a foundation bed for the towers. The 336 

foundation stones for the towers started at times from a perimeter slightly larger than the tower 337 

octagon footprint and were realigned inward in the successive layers. This is observable at some towers 338 

where the very bottom foundation stone layers start out protruding a bit from the smooth faces of the 339 

octagonal shaped foundation (Figure 4). At times these protrusions, which may be more prominent on 340 

one side of the footing octagon than others, repeat with the overlaying stone layers in receding steps 341 

until the final face of the tower is reached. These details indicate a work that started with a slightly 342 

rough outline of the tower octagon on the sloping side of the hill, which was then refined as the 343 

foundations rose to meet the exact shape of the footing octagon. No similar realignments are noted at 344 

the façade wall foundation. This is an indication that the tower foundation came earlier than the court 345 

foundation, a natural sequence also in consideration of the fact that the towers start at the lowest 346 

elevation of the sloping sides of the hill. 347 

Tower Wall and Footing 348 

The design also includes considerations for a wall and a footing for the tower. These two seemingly 349 

separate details are actually interrelated in the geometric design. In the absence of any intervening 350 

consideration, other than the tower had to have massive masonry to work effectively as a counterpoise 351 

and had to have some open space for ancillary services, a geometric solution to define the wall for the 352 

tower is to draw the minor diagonals inside the tower octagon. The center octagon formed by these 353 

lines can be the boundary for the open space inside the tower, Figure 10. The area between the center 354 

octagon and the outer perimeter octagon is the resulting wall for the tower. The width of this wall ("at") 355 

is defined as the separation distance between the sides of these octagons, which is definable 356 

geometrically as the projection of the tower octagon side over a 45° angle, the angle that the side of the 357 

tower octagon forms with the minor diagonal inside the tower octagon.  358 

The plant minor diagonals, which mark the action lines for the cross vault lateral thrusts, cross into the 359 

tower area at the critical points B and H (Figure 10), and continue inside the tower octagon to the tower 360 

outer corner E, tracing over the boundary of the open space inside the towers. These lateral thrusts lines 361 
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are going to require structures to carry these forces, structures that are wider than the idealized minor 362 

diagonal line. The width of this structure ("f") has to be added on the interior side of the plant minor 363 

diagonal, because there is masonry on this side. There is open air on the other side where the minor 364 

diagonals pass by the tower corners B and H. The need for such a structure reduces the open area at the 365 

center of the tower, Figure 10. The width of the tower wall where the plant minor diagonals touch the 366 

tower center octagon has to be increased by the size of this structure, f. The size of the center open 367 

space octagon is accordingly reduced by the amount f, to maintaining an aesthetically symmetrical 368 

design. The width of the tower wall becomes the tower octagon side projected over a 45° angle plus the 369 

measure f. The measure for the open space inside the tower ("y") can be calculated from the geometry 370 

as the width of the tower ("u") reduced by twice the width of the tower wall, at, that is y = u - 2at.   371 

The measure for f is deduced to have been determined empirically by the architect to be one eighth the 372 

size of the tower octagon side, f = s/8. Each tower has a side that is normal to one of the minor 373 

diagonals carrying lateral thrusts; this is the side of the tower that faces this force. The structure that 374 

carries this force, with the dimension f, is functionally related to the measure of this side, s. Not knowing 375 

any more of the underlying physical phenomenon, it is theorized that the architect invoked the mystical 376 

number eight that characterizes many of the features of the castle, and established the definition of f as 377 

being one eighth of the tower side s, that is f = s / 8 =10.15 / 8 =1.269 ft (0.384 meter). 378 

The tower design also includes a footing below the ground floor level, visible in Figures 1 and 4. The 379 

footing is a small ledge extending outward from the tower octagon and forming another concentric 380 

octagon, larger than the tower octagon by a measure referred to as the footing width, Figure 10. A 381 

footing octagon is shown around each of the tower octagons. The width of this footing turns out to be 382 

the dimension f; this determination is addressed in the next section, where this measure emerges in the 383 

geometric definition of the facade wall. 384 

The measure f of 1.269-ft is an irrational number. Other numbers near this measure have been 385 

considered in this forensic study, but none of them provides the precision of results and the logical 386 

connection to give a reasonable explanation from the perspective of medieval knowledge. One of these 387 

is the square root of the golden number (Φ = 1.6180339), that is 1.272 ft. A thought for the applicability 388 

of the square root of the golden number is that the architect may have related the tower footing to the 389 

concept of foundation, base, and origin; the square root symbolically is an origin, a foundation, because 390 

when the square root of a number is multiplied by itself it gives the complete and full number. Still, the 391 

golden number here would be used as an absolute quantity rather than a proportional factor, which is 392 

its historical connotation.  393 

The measure reported in the literature for the footing, f, is 0.38 meter3,8 (1.27 ft). This  measure is 394 

verified indirectly by measurements of the footing octagon which has a side of 3.543 m versus the tower 395 

octagon which has a side of 3.229 m, resulting in a footing separation of 0.379 m. A closer and even 396 

approximation for f is 1.25 ft (0.378 m), which would correspond to one foot and three thumbs exactly, 397 

and is a more convenient and practical measure than an irrational number for a construction project. 398 
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The measure for f is not known with better precision, leaving an uncertainty range of about half a 399 

centimeter. The optimization process in the final geometric model indicates that the likely range for f is 400 

1.26-1.27 ft, a range of less than half a centimeter.  401 

Notwithstanding the issues that can be raised on the provenance of the measure f, we know that the 402 

architect came up with this measure early in the design process. We know this from the mathematics 403 

used to derive other measures that depend on this number, such as the width of the room and the 404 

width of the façade wall, as we shall see later.  405 

Why the architect added a footing to the towers and not to the façade wall is another interesting 406 

question. The same pattern of a footing for the towers but not for the façade wall is noted at other 407 

Hohenstaufen castles, such as Castel Maniace in Sicily27. A likely explanation is that the architect 408 

visualized towers much like support columns, which carry the weight of the burdening masonry to 409 

ground. Columns typically have a footing going back to Greek and more ancient architectures. While 410 

clearly serving a decorative and artistic function, the footing may have had a more symbolic function. In 411 

the case of Castel del Monte, the towers are almost solid masonry (85%) and a likely perspective to the 412 

medieval architect might be that they served to carry the lateral thrusts to ground, thus functioning 413 

much like towers in carrying these weight forces to ground. Towers, therefore, needed footings just like 414 

columns.  415 

The alternative explanation is that this footing served purely a decorative or architectural function. 416 

However, in such a case, the footing could have been added later in the design process and would have 417 

had no other significant role in the design. As we shall see, this footing plays a mayor role in the 418 

geometric design and came up very early in the design process. The measure of the façade wall and the 419 

room at the ground level depend ultimately on the size of the footing, both geometrically and 420 

mathematically. 421 

Façade Wall 422 

Moving from the periphery toward the center of the plant octagon, the façade wall is the next item to 423 

be defined after the towers. This wall has minimal structural functions; it actually has no lateral trusts at 424 

the section in common with one side of the cross vault square. As shown in Figure 7, the cross vaults 425 

lateral forces do flow to the towers through this wall at a slant angle starting at the corners of the cross 426 

vault square. The wall has also a counterpoise function close to the tower, away from the cross vault 427 

square area. 428 

A compelling geometric solution to establish a wall in the presence of eight towers already laid out 429 

(Figure 10) is to draw the wall with lines that run from tower to tower. Since the towers are defined by 430 

corners, the logical points to join with straight lines are the corners between adjacent towers, Figure 11. 431 

The external side of this wall is defined by joining corner B of one tower with corner H of the adjacent 432 

tower, moving in a clockwise direction in Figure 11. The logical step for drawing the interior side of this 433 

wall would be to join corners A between adjacent towers. The result would be a wall with a width that is 434 
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defined by the projection of the tower side over 45°. This would produce a facade wall that is less wide 435 

than the wall in the towers, which is larger by the measure f. An harmonious solution is to make these 436 

walls of the same size. 437 

To match the width of the wall inside the tower, the architect needed to add the measure f to the 438 

facade wall just defined. The towers are already partially swallowed by the facade wall just defined, with 439 

two sides of the tower octagon buried inside the facade wall. Adding this measure to the external face 440 

of the facade wall would cause a further swallowing of the towers into the facade wall. The likely result 441 

would be an aesthetic problem with the visible sides of the towers attached to the facade wall shorter 442 

than the other visible sides of the towers. Adding the measure to the inside face of the facade wall is, on 443 

the other hand, attractive and convenient, because there is a footing corner AA that provides an anchor 444 

point for this face. This forces the width of the footing to be the measure f. Thusly, drawing the inside 445 

face of the facade wall by joining corners AA between adjacent towers results in a width of the facade 446 

wall ("a") that is the projection of the tower octagon side over 45° plus the measure f. In this choice, the 447 

facade wall has exactly the same width as the wall in the towers.   448 

In this chosen design, two sides of the tower octagon are completely buried in the façade wall, these are 449 

the bearing sides for the two lateral thrusts. The full and complete tower octagon is visible only on the 450 

roof of the castle, Figure 3. In the resulting geometry, at the merging point between the tower and the 451 

façade wall, the tower octagon sides form a 90° angle with the abutting facade wall octagon sides; on 452 

the other hand, the tower octagon sides buried in the wall form a 45°angle with respect to the abutting 453 

façade wall octagon sides. A very important note is the crossing of the plant octagon minor diagonals 454 

from the facade wall to the tower. The crossing is at the tower corners where the tower is attached to 455 

the facade wall, corners B and H. These are critical locations that will drive the final design as shown 456 

later. 457 

The theorized dimension for the width of the facade wall, a, and at the tower wall, af, is 8.44 ft (2.55 458 

meter); the measure reported by H. Götze7 for the facade wall is 2.56 meter.  459 

The indications are that the indoor face of the façade wall on the upper floor was moved to the octagon 460 

that joins the tower corners A, instead of the footing corners AA used on the ground floor. The width of 461 

the façade wall on the upper floor is smaller by a measure that relates to f. This seems to be also the 462 

measure of the stone seating that is built around the periphery of the rooms on the upper floor. The 463 

focus of this paper in defining the concept design will continue to be the plant design of the ground 464 

floor. 465 

The architectural creative work was probably an iterative process, most likely involving a number of 466 

people. The simultaneous solution that the measure f provides to a number of questions was likely the 467 

result of such iterative analyses. The structural needs in combination with the geometric forms that 468 

arise from the octagonal geometry provide an inevitable and natural flow toward this solution, however 469 

varied and complex the creative process may have been in the mind of the XIII century architect.   470 
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Cross Vault Location and the Courtyard Wall 471 

After completing the design of the towers and the facade wall, the plant design moves on to the next 472 

elements, the cross vault and the room. The room design is based on a strict geometric process and, 473 

because of the geometrical symmetry in the plant octagon, is identical for each one of them. The shape 474 

of the room is preordained as a trapezoid bound by the parallel sides formed by the façade and 475 

courtyard walls, and the slant sides of the trapezoid formed by the plant octagon major diagonals, 476 

Figures 2 and 6. The latter are fixed boundaries. The base of the trapezoid is also fixed at this point in 477 

the design process, having completed the design of the façade wall, as outlined above. All that remains, 478 

therefore, is setting the width of the room (“w”), which is the height of the trapezoid, and the location 479 

of the courtyard wall. Here we find a fascinating design development as the architect heeded the critical 480 

concerns of cross vault lateral trusts.  481 

The location of a cross vault is geometrically defined on the plant octagon as the intersection of two 482 

minor diagonals; there are two such intersections on each minor diagonal, which means that cross 483 

vaults have to line up along the minor diagonal lines, two at a time, Figures 6, 7, and 12. This seeming 484 

casual requirement is actually a key and fundamental requirement for the structural resolution of the 485 

lateral thrusts in this octagonal configuration. With the façade wall defined at this stage in the design, 486 

the architect realized that half of the room width had been defined automatically; this was the distance 487 

of the cross vault center from the indoor face of the façade wall (“j”), Figure 12. For a symmetrical cross 488 

vault within the geometry of a square, this meant that the other side of the room, the indoor face of the 489 

courtyard wall, had to be the same distance j from the cross vault center.  490 

The indoor face of the courtyard wall is thus defined by an octagon whose sides are at the distance j 491 

short from the cross vault center, or 2j short from the indoor face of the facade wall. Accordingly, the 492 

room width, w, is twice the measure j, w = 2·j.  493 

The other side of the courtyard wall, the outdoor face visible in the courtyard, is defined by the octagon 494 

formed by the minor diagonals that join the center of the tower octagons, Figure 12. The outdoor face 495 

of the courtyard wall is the courtyard perimeter. This choice for the outdoor face of the courtyard wall 496 

ensures that the lateral thrust lines fall inside the courtyard wall. 497 

The separation between the two faces of the courtyard wall thus defined is the width of the courtyard 498 

wall (“b”). The courtyard wall is a critical structure under specific design requirements, a much more 499 

complex situation than the façade wall. 500 

 It incorporates lateral trusts portions along each side of the octagonal wall; an octagon of line 501 

forces located near the center of this wall; 502 

 It has an indoor face location that serves to make the cross vault a symmetrical structure, once 503 

the distance of the cross vault from the façade wall is set. This includes a filler space function for 504 

the space that lays between this face and the line for the lateral thrusts;  505 
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 It has an outdoor face (the one in the courtyard) defined by the minor diagonals joining the 506 

centers of the concept design tower octagons. 507 

Lateral Thrust Stonework 508 

It is theorized that the architect felt he had to deal with the lateral thrusts and define appropriate 509 

structures, as first mentioned in the design of the towers. After all, these were actual forces that 510 

required more than a concept line, they required a stonework. Lateral thrust forces are compressive 511 

forces much like gravitational forces, except that they have horizontal components. Stone walls are 512 

reasonably efficient in conducting and transmitting horizontal forces as well as vertical loads. The 513 

architect concluded that he needed a stonework along the lines of lateral thrusts to ensure a 514 

satisfactory medium to conduct these forces. The most substantive portion of this stonework is inside 515 

the courtyard wall, because the lateral thrusts run throughout the sides of this octagonal wall.   516 

In the absence of other needs, large walls were constructed with two stone face structures delimiting 517 

the wall depth. The space between the opposing faces was filled with a ruble aggregate in a mud-like 518 

binder, which made the overall wall construction much less labor intensive, because it minimized stone 519 

cutting, actually it allowed to dispose of the rubble left over from the stone cutting. This type of center 520 

aggregate does not have the same compressive strength as stone; it tends to yield more easily under 521 

load as compared to solid stone. It is a construction poorly suitable for the courtyard wall, which carries 522 

lateral trusts through its center section. This is something that medieval architect would have known 523 

from experience. The architect needed to stiffen the masonry along the lines of lateral thrust, and to do 524 

this he needed a stonework along this line. 525 

The lateral thrust stonework is buried inside the structures, inside the cross vault overburden inside the 526 

courtyard wall, crossing at an angle the façade wall. A theorized construction is shown in Figure 13. It is 527 

a continuous stonework along the lines of lateral thrusts that hugs around various openings along this 528 

path. It is not visible and there are is no other evidence indicating its presence. Fortuitous pictures28 of 529 

collapsed cross vaults of the same age and style as Castel del Monte, Figure 14, provide indications of 530 

other stonework buried on top of arches, much like what is theorized here. The presence of this lateral 531 

thrust stonework is theorized in this model for Castel del Monte, because it makes sense structurally, 532 

and because it fits appropriately in the model for resolving dimensional problems. Indeed, it is through a 533 

trial and error procedure working with the model that the width of this stone work (“g”) is estimated. 534 

The lateral trust stonework is laid out along the minor diagonals, following the lines of lateral thrust, 535 

Figure 15. A point to note is that the minor diagonal lines define the outside face of this stonework, 536 

which cannot be moved further out because otherwise the stonework continuity from the court to the 537 

tower would be broken by an air gap at the critical corners, as mentioned earlier.  538 

The width of the thrust stone work is estimated to be 2.54 ft (0.77 meter) from the mathematical model. 539 

The thought is that the architect intended for g a measure exactly twice the dimension f, 2.54 ft; g = 2·f 540 

=2 x 1.269 = 2.54 ft . Each minor diagonal is the line path for two lateral thrusts flowing to the towers, 541 
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because there are two cross vaults on the same minor diagonal. The architect most likely saw these 542 

forces flowing all the way from one cross vault to a far away tower over the other cross vault on its path. 543 

The result is a combination of forces that add up or subtract depending on the location along the minor 544 

diagonal. These forces counteract each other inside the courtyard wall, because they flow in opposite 545 

directions. On the other end, these forces add up in the two sections between a cross vault and a tower 546 

where they flow in the same direction. It is most likely that the architect recognized these as distinct 547 

forces and assigned a measure f to each one of them, resulting in a final width g for this structure that is 548 

twice the measure f.  549 

The geometry of Figure 12, defining the room width and the courtyard wall, is updated as shown in 550 

Figure 16 to include the width g of the trust stonework. The width of the room, w, is adjusted to include 551 

the diagonal of the square formed by the intersection of two stone works at the cross vault center, w = 552 

2·j + g·√2. 553 

The lateral thrust structure inside the tower wall was designed to have a dimension f, as discussed 554 

above in the tower wall design. It seems that the lateral thrust stonework has a width g between towers 555 

and a width f inside the tower. We do not know how the architect visualized the dispersion of lateral 556 

thrusts inside the towers. It was mentioned earlier that the architect may have seen the towers much 557 

like columns that disperse the lateral thrusts to ground. It seems that the architect in the concept design 558 

was satisfied to see one of these forces terminate onto the buried side of the tower octagon, and the 559 

other flowing all the way to the tower outer corner E. The open space inside the tower is already small; 560 

there is no space to increase the lateral thrust stonework inside the tower beyond the allotted measure 561 

f. It remains unknowable how the architect saw the balancing of these lateral thrusts flowing in opposite 562 

directions inside the courtyard wall, because these are buried structures. The leading thought is that the 563 

architect saw these forces as distinct and separate, resulting in a width g for the lateral thrust stonework 564 

inside the courtyard wall. 565 

MODIFIED DESIGN 566 

Some dimensions predicated in the concept design are confirmed to correspond to actual 567 

measurements reported in the literature, some others do not. This study notes that the geometrically 568 

defined mathematical model from the concept stage could be made to match the measurements at the 569 

tower, but this would create a mismatch in the court. Vice versa, a match in the court produces a 570 

mismatch at the towers. No optimization process in the concept design stage can make all of the 571 

predicated variables match the corresponding measurements at the castle; some unique modifications 572 

were made to the concept design. Some scholars like H. Götze have come to a similar conclusion, but 573 

from completely different reasoning. Some unique modifications were made at the towers resulting in 574 

an actual tower octagon that is slightly miss-shaped and larger that the perfect tower octagon in the 575 

concept design. 576 
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A forensic analysis indicates that the tower design was further modified at a second stage, including 577 

both a geometric resizing and a geometric relocation that affected all the towers uniformly. While H. 578 

Götze29 and other scholars could only speculate that the slightly irregular shape of the tower hid a more 579 

regular octagon form26, the modeling in this study starts with a regular octagon form and shows the 580 

geometric modification that resulted in the irregular tower shape that the builder executed faithfully in 581 

the construction. This study also identifies the likely reasons for these changes.  582 

Open Space Inside the Towers 583 

In the concept design, the cross-vaulted space inside the façade wall was intended to remain a pristine 584 

geometric layout, unencumbered by other structures. As borne out by the final construction seen 585 

nowadays, the similarity of space utilization in each of these 16 rooms is remarkable. There are no clear 586 

distinctions other than incidental details such as fireplaces, windows, doors, and decorations. The rooms 587 

are built as equal and open trapezoidal spaces, with the square vault markings (columns and gothic 588 

arches) being the dominant and common feature. This left the towers as the place to locate essential 589 

support structures, such as stairwells to access the upper floor. The open space inside the tower, y, as 590 

determined in the concept design, is small for support services such as a staircase. 591 

The most compact staircase design is the spiral stairwell; triangular steps that wind around a center 592 

column forming a spiral, Figure 17. Installing a spiral stairwell in the open space inside the towers would 593 

result in a stairwell passage 3.5-ft wide, excluding space for a center column. The stairwell opening is 594 

further limited by the curvature of the spiral passage. It is surmised that the space was considered too 595 

small for use by royal figures and for other practical needs, such as carrying large objects to the upper 596 

floor. The counter-clockwise rotation of the spiral is another interesting observation made by some 597 

scholars. 598 

The plant structural forms are geometrically interrelated, as outlined in the concept design; modifying 599 

one dimension causes the others to change in geometric proportions. Increasing the open space inside 600 

the towers would require increasing the size of the tower, which would require ultimately increasing the 601 

base octagon. Based on these relationships, to obtain the open space as now measured inside the 602 

towers, the side of the base square, L, would have to be increased to 144 ft; this is a substantial increase 603 

of 12.5%.  604 

More significantly, such a large change would have undermined the design concept mystical startup: an 605 

octagon based on an earthly figure (the square) with earthly dimensions (the number of days in a year). 606 

Based on the existing open space, the base square diagonals would have been nearly 204 ft, adding up 607 

to 408 for both diagonals, much more than 360, a large and unacceptable deviation. Furthermore, it 608 

would have been a more challenging effort to fit a larger structure on top of the hill, where space is 609 

limited. Reducing the wall depth inside the towers was not a solution either; it departed from the rigors 610 

of geometric derivation and weakened the towers, which were intended as counterpoises.  611 
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Lacking modern knowledge of structural analysis, the medieval designer at Castel del Monte took these 612 

geometric derivations as dogmatic solutions to the structural problems that he could only perceive but 613 

could not deal with in a more analytical approach; he had only geometry for his analytical search. The 614 

designer sought a geometric solution to this predicament, one that hopefully affected only the size of 615 

the tower and did not make a significant change in the design-concept mystical startup. To accomplish 616 

this, the designer relied on an intimate knowledge of the geometry between two concentric octagons, 617 

Figure 18. The menagerie of triangles in the corner area of the footing octagonal ring turned out to be 618 

the source for the geometric constructions used to resolve the problem with the tower resizing (and the 619 

tower relocation addressed later). Notice the many triangles, and the relationships that exist among the 620 

many dimensions: f, k, m, n, e, and i. They will all be called in the final tower design. This menagerie of 621 

triangles is also associated with the geometric solution of the difference between the side and diagonal 622 

of a square, bringing in evidence the pivotal place that the geometry of the square and the related 623 

properties had in the mind of the XIII century architect. 624 

Tower Resizing 625 

The footing octagon for each tower is concentric to the tower octagon, larger by the footing dimension 626 

f. The footing octagon diagonal has the dimension t +2k, where k is the corner dimension of the footing 627 

width f, Figures 18 and 19. The footing corner AA, corresponding to the entombed tower corner A, 628 

defines the corners of the octagon for the indoor stone face of the façade wall, as established in the 629 

concept phase of the design. 630 

The tower dimension, t, can be increased geometrically by the dimension k without changing 631 

substantively the concept-design mystical startup, t’ = t + k. To retain much of the geometry inside the 632 

façade walls as developed in the concept design, the tower resizing is done in the outbound direction, 633 

keeping fixed the tower innermost corner A. The resulting new tower octagon is an octagon that 634 

spreads out asymmetrically over the two concentric octagons at the tower in the concept design (the 635 

tower octagon and the concentric footing octagon). The new tower octagon starts at the inside corner 636 

of the tower octagon, covers the original tower octagon and spreads out to reach the outside corner of 637 

the original footing octagon. 638 

This resizing is easy to accomplish geometrically using the concept design as reference, Figure 19. The 639 

resized tower octagon starts at corner A of the concept design tower and ends at corner EE of the 640 

concept design footing octagon, resulting in a resized tower octagon with a diagonal t+k. The prime 641 

symbol (‘) is used to reference the resized tower. Corner A’ of the resized tower overlays the concept 642 

design corner A; it has not moved. The outer corner of the resized tower, E’, overlays the concept design 643 

footing corner EE. The sides of the resized tower A’-B’ and H’-A’ overlay the concept design sides A-B 644 

and H-A, but are slightly longer. The resized tower width, u’, is wider than the concept design tower 645 

width u by the quantity f, u’ = u + f. The resized tower side dimension, s’, is longer than the concept 646 

design tower side s by the quantity m, s’ = s + m. These are all geometrically defined locations and 647 
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measures. Triangle T1 in Figure 18, with sides f, k, and m,  provides the geometric ruler for this tower 648 

resizing. 649 

The resulting open space in the resized tower is larger than in the concept design, although minimally 650 

satisfactory. The stairwell opening can be as much as 4.44 ft, less the radius of the center column. The 651 

area of the open space inside the resized tower is 36% larger than the area of the open space in the 652 

concept design tower. On the other hand, the base octagon diagonal has increased by a mere 1.7%, 653 

bringing the actual plant diagonal from 181.02 ft to 183.77 ft. The sum of the two base square diagonals 654 

is 367.54 ft, still 360 and a remainder. 655 

The resizing of the towers by the footing dimension k is a geometric procedure that has precise 656 

mathematical equivalents. Moving the outer corner E while keeping the inner corner A of the tower 657 

octagon fixed does not modify the façade wall indoor face line, but does result in a movement of the 658 

plant minor diagonals, which define the cross vault locations as well as the courtyard wall, Figure 20, as 659 

outlined in the concept design process.  660 

The resizing of the tower, even though it was outward away from the façade wall, does affect various 661 

dimensions in the court, first defined in the concept design. Even the width of the façade wall, tied to 662 

the side of the tower octagon, becomes now slightly larger. The relocation of the minor diagonals 663 

associated with the lateral thrusts, now at the new tower outer corner E’, causes a relocation of the 664 

cross vault closer to the facade wall, resulting in a slightly smaller room, Figure 20.  665 

With the resizing of the towers: 666 

 The facade-wall interior stone face octagon line does not move 667 

 The plant octagon corners (E') move radially in the tower directions by the distance k 668 

 The minor diagonals move out and sideways by the amount m 669 

 The cross vault moves closer to the façade wall by the amount 2n (j’ = j - 2n) 670 

 The room width has decreased by the amount 4n  671 

  (w' = 2 j' + g ·√2 = 2 j - 4 n + g ·√2  = w - 4 n) 672 

 The dimensions m and n are measures related to the footing dimensions f and k, Figure 18, and 673 

to the corner notch, Figure 22, which comes up later in the design process.  674 

The remainder of the design is a process to return the dimension of these key forms to those established 675 

in the concept phase of the design. The next modifications are based on complicated geometric exploits 676 

that reveal much about the sophistication and commitment of the XIII century designers.  677 



The Geometric Design of Castel del Monte  

 
Domenico Lanera                                                                                                                                              File cdm-180-210 

 

20                                                   

Mystical Result 678 

The resizing of the towers, while unique and fascinating by the geometric solution chosen still seems an 679 

incomplete story. The geometric solution of increasing the tower octagon diameter by the footing 680 

dimension k was certainly a solution that stood up in the designer’s geometric quest, because of the 681 

“snapping” increment to an existing geometric form. 682 

While the snapping increment seems an opportunistic move, why would the designer not consider other 683 

factors in finalizing the tower design? Why not consider adding another foot or more if the concern was 684 

solely with the size of the open space inside the tower? Why not make the tower diagonal an even 685 

number, or make one of the tower derivative dimensions, such as the side of the tower octagon, an 686 

even number? Even numbers are more desirable design measures to have in construction. 687 

The designer at this stage had to consider the overall dimension of the plant octagon and the impact 688 

that the tower resizing had on this dimension. While not a dimension firmly anchored, it was one that 689 

left little room for variances. The plant octagon diagonals, as we have seen in the concept design, were 690 

intended to add up to 360 and a remainder, the number of days in a year. The remainder can only be 691 

stretched so far before it becomes a significant deviation. Furthermore, snapping the tower outer 692 

corner, E’, to the concept design footing outer corner, EE, leaves the thrust lines within the perimeter of 693 

the castle plant octagon defined in the concept design at the footing corners.  694 

Aside this outer perimeter consideration, there is another coincidental and more significant result that 695 

may have influenced the designer to remain with this geometric resizing, and not go any further. The 696 

resulting dimension of the open space octagon inside the tower, y’, after the tower resizing, is eight feet 697 

and a remainder, y’ = 8.88 ft (2.68 meter); it was 7.60 ft in the concept design before the tower resizing. 698 

The y’ measure is tied to the number eight, the number present in many forms of the castle, which 699 

seems a mystical result. 700 

More significantly, however, is the fact that y’ (after the tower resizing), which is a seemingly irrational 701 

number, is exactly equal to j, the distance of the cross vault from the indoor stone face of the façade 702 

wall in the concept design (j = 8.88 ft). It is verifiable that geometrically these two quantities are indeed 703 

equal (y’ = j).  704 

This dimension of 8.88-ft is a derivative measure of the open space that comes up in two separate 705 

locations of the plant geometry: y’ as a measure of the open space inside the resized tower and j as the 706 

distance of the cross vault from the inside stone face of the façade wall in the concept design. It is also a 707 

measure that matches the theme number at the castle, the number eight with a remainder. If the 708 

designer came to realize this equality as a coincidence, he may have perceived it as a mystical result, 709 

much like a sign from God confirming the octagonal design enterprise. An alternative and more likely 710 

scenario is that the designer came to this finding from a geometric analysis, which may have been the 711 

guide to this specific enlargement methodology. In any case, this dimension became a key design 712 

reference, a measure for the open spaces in the geometric derivation of the plant layout.  713 
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Tower Relocation 714 

The tower resizing, although done outward away from the indoor face of the facade wall, did result in a 715 

number of changes for the facade wall and the room, as mentioned above. The designer sought more 716 

modifications to return the dimensions of these basic structures to those established in the concept 717 

phase. He turned to the dynamic of the minor diagonals as the plant octagon, defined by the tower 718 

outer corners E’, is geometrically and dynamically redefined by sliding the tower octagons along the 719 

plant major diagonals. Indeed, the next geometric change that the designer considered was a movement 720 

of the tower octagon outward along the plant octagon major diagonals. 721 

Sliding the tower octagons simultaneously outward along the plant octagon corner directions does not 722 

change the width of the façade wall, because the wall width is anchored to the tower corners and is 723 

therefore dependent on the size of the tower octagon, which does not change in this slide. However, 724 

the wall shape does change, becoming longer as the tower octagons move apart from each other in this 725 

slide. Its location also changes, moving outward along the wing direction of the plant octagon. 726 

As the towers move outward, so do the minor diagonals and the cross vaults defined by their 727 

intersections. However, the cross vault at the intersection of two minor diagonals moves at a different 728 

geometric rate than the façade wall nearby, Figure 21. As the towers move outward, the façade wall 729 

moves outward faster than the cross vaults, at a rate that is (m+n)/m faster (1.707). It is feasible, 730 

therefore, to move the tower outward far enough to return the cross vault distance from the façade 731 

wall to the same distance j defined in the concept design, before the tower resizing, Figure 21. Another 732 

way of visualizing the geometric dynamics is by focusing on the triangle formed between the cross vault 733 

intersection and the façade wall interior face; the height of this triangle is the measure j. The height of 734 

this triangle grows as the towers, which keep the same size, slide outward along the plant major 735 

diagonals. 736 

Following the tower resizing, the cross vault is closer to the façade wall by the measure 2n. For a nearly 737 

even foot (0.974 ft) of movement of the tower, which corresponds to the geometric measure i, the cross 738 

vault moves away from the façade wall by the amount n; these are geometric movements related by the 739 

triangle T8 in Figure 18. Accordingly, the designer moved the resized tower outward along the plant 740 

corner direction by the amount i in the final modified design. The tower relocation by the distance i 741 

produces a new measure j”, which is now shorter than j in the concept design only by the amount n. 742 

Double prime notation is used to indicate the variable measurement after the tower relocation.  743 

At this point in the sequence, after the tower relocation, the cross vault is still closer to the facade wall 744 

by the measure n compared to the concept design, j" = j' + n = j - n. This shortage is resolved in 745 

conjunction with a number of collateral questions that need to be addressed first. 746 
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Facade Wall Redefinition 747 

The next geometric manipulation involves the redefinition of the outdoor face for the facade wall. The 748 

outdoor face of the facade wall is redefined by the lines joining the footing corners of adjacent towers 749 

rather the tower corners as done in the concept design. These are corners BB" and HH" in place of 750 

corners B" and H", respectively. Measured along the radial lines of the plant octagon, the shift results in 751 

a very small relocation of the outdoor face of the facade wall.  752 

The width of the façade wall is now the dimension of the resized footing octagon side projected over 753 

45°, which is slightly shorter than the measure a in the concept design. This shortage also is resolved in 754 

conjunction with few more questions that need to be addressed first.   755 

Corner Notch 756 

The change to the footing corners, BB” and HH”, to anchor the outdoor side of the façade wall causes 757 

the formation of notches at the inside corners where the towers meet the facade wall. The extensions 758 

beyond the footing corners, necessary for the facade wall to meet the tower, intersect the towers not at 759 

the tower corners, B” and H”, but a distance away from the corners along the hidden sides of the tower, 760 

fully exposing the tower corners and a bit of the hidden tower sides as shown in Figures 22 and 23. The 761 

result is a notch at the place where the tower meets the facade wall, a corner notch. There are 16 762 

corner notches in the plant design as each of the eight tower has two meeting places with the facade 763 

wall.  764 

The corner notch is an air gap in a masonry continuum that goes from the facade wall to the tower wall. 765 

The opening of the corner notch has the measure m, that is the distance of the tower corners B" and H" 766 

from the façade wall. This is the spandrel area discovered by H. Götze30, which is filled in with masonry, 767 

Figure 24.  768 

The measure m for the corner notch is related to the measure f as shown in Figure 22. The predicated 769 

measure of m is 0.53 ft (0.159 meter). H. Götze reports a measure of 0.15 meter for this dimension. The 770 

measure m has been determined to be 0.154 meter on average from the 14 corner notches visible on 771 

the roof (Figure 24), during a recent examination.  772 

This small, triangular notch is a problem if left as an open space in the final design. It is a likely eyesore 773 

looking at the castle from outside. More significantly, however, it breaks up the path on the minor 774 

diagonal line to the tower outer corner E". This is the action line along which the lateral trust flows to 775 

the tower; it needs to be solid masonry as the horizontal forces will not flow through an air gap at the 776 

corner notch. The action line for the lateral thrusts has to be moved to a different set of minor 777 

diagonals, further inside the plant octagon, to avoid the corner notch. 778 



The Geometric Design of Castel del Monte  

 
Domenico Lanera                                                                                                                                              File cdm-180-210 

 

23                                                   

Relocation of the Lateral Thrust Lines  779 

The final changes, which like a key stone capped the design modification process and resolved all 780 

remaining problems, was a compounded decision to fill in the corner notch and relocate the minor 781 

diagonals for the lateral thrusts. The triangular notches were filled in with masonry by extending the 782 

sides of the tower octagon closest to the façade wall until they meet the façade wall, closing the 783 

opening m of the corner notch. This also causes the sides of the tower octagon adjacent to the façade 784 

wall to be slightly longer that the other visible sides of the tower octagon, longer by the measure m, 785 

Figure 23. This is another important point noted by H. Götze. This results in the two sides abutting the 786 

façade wall to be wider than the other four visible sides, resulting in an apparent irregular octagonal 787 

form. Another result of the corner notch filling-in is the definition of a new corner point where the 788 

tower is attached to the facade wall; this becomes the new critical crossing point for the lateral thrusts, 789 

point M in Figures 22 and 23. 790 

The new critical crossing point M for the lateral trusts is on minor diagonals that are now anchored back 791 

to corner E'. This is a geometric coincidence, one of many in the prolific geometry of the octagon, and 792 

one that the designer came to through detailed studies.  This relocation of the lateral thrust lines 793 

involves a lateral and an inward shift (n) from the minor diagonals anchored at the relocated tower 794 

corner E".  795 

This final geometry also solves the remaining problem with the width of the room. A problem from 796 

earlier, when it was shown how the relocation of the tower octagon caused the cross vault to move 797 

away from the facade wall by the measure n, was that the cross vault distance from the facade wall was 798 

still another measure n short of the dimension first established in the concept design. The inward shift n 799 

of the lateral thrust lines to the minor diagonals crossing at point M causes the cross vault to move by 800 

the distance n√2 or m away from the façade wall (Figure 18 provides the relationship between m and n). 801 

The m movement of the cross vault is slightly more than the n measure needed to return the distance of 802 

the cross vault away from the façade wall to the concept design j. In this configuration, the final j (j”’) is 803 

larger than the concept design j by the amount m-n, 0.154 ft (4.7 cm), j”’ = j" + m  = j + (m-n). Triple 804 

prime notation is used to indicate the variable measure after the lateral thrust lines relocation, including 805 

the effects of the tower resizing and relocation. 806 

The thickness of the wall finishing layer, v, inside the rooms is shown in Figure 25. When measured from 807 

the finished indoor face of the façade wall, j”’ has to be adjusted by the width of the finishing layer, v, 808 

making it almost identical to j in the concept design, j”’ - v = j. It is theorized that the designer intended 809 

v to be the measure m-n.  810 

As a final piece to this geometric puzzle, the measure v is what is needed to return the width of the 811 

facade wall to the dimension first established in the concept design. Recalling from the facade wall 812 

redefinition, the width of the facade wall with the outdoor face anchored to the tower footing corners is 813 

the projection of the resized footing octagon side over 45°, which is short of the measure a defined in 814 



The Geometric Design of Castel del Monte  

 
Domenico Lanera                                                                                                                                              File cdm-180-210 

 

24                                                   

the concept design. However, measured from the finished face, the width of the facade wall is exactly 815 

equal to that defined in the concept design:  816 

 a = ss' / √2 + (m - n) = s / √2 + f 817 

The width of the finishing layer inside the rooms thus becomes and integral part of the plant structural 818 

design in this modification. It is remarkable how these geometric manipulations and the corresponding 819 

mathematical changes fit perfectly as pieces of a puzzle. All this complicated design modification was 820 

carried out to deal with small adjustments, recalling that the room width following the tower resizing 821 

had decreased by the amount 4n, 1.49 ft (0.45 meter). 822 

Finishing Layer 823 

The designer’s intent was to cover the interior walls with a finishing layer of a depth v, all around the 824 

room, up to the line where the vaulting stonework starts, above the capitals. This is evidenced by stone 825 

cornices embedded in the wall and running around the rooms, delimiting the boundaries and depth of 826 

this finishing layer, Figure 25. The embedding of these cornices, both lower and upper cornices on the 827 

upper floor, indicates that this was an integral detail of the design plan, not a finishing detail added after 828 

the structural construction was completed.   829 

The actual finishing layer is missing nowadays throughout the castle, leading some to speculate that the 830 

construction was never finished at the castle31,32. However, some remaining pieces of the finishing, still 831 

mortared in place as shown in Figure 25, indicate that at least some of the finishing did exist at one time. 832 

It may have been removed later as the castle was stripped of the precious finishing during the decaying 833 

period for this castle, in the XVII and XVIII centuries. Indeed, when approaching the castle, this 834 

denudation is fist notable at the window with the missing mullions, which reportedly were made of fine 835 

marble and were taken away in the XVIII century33,34. 836 

The finishing remnants as well as the decoration theme indicate that the plan was to use marble as the 837 

finishing material on the upper floor and breccia rossa on the ground floor35. The depth of the marble 838 

finishing layer on the upper floor is measured to be 4.5 cm. The same finishing layer on the ground floor 839 

is measured to be in the range of 7.0-7.5 cm, a measure that is consistent with references made by H. 840 

Götze to this measure36. While the construction finishing depth on the upper floor, 4.5 cm, seems 841 

consistent with the measure for this feature in the mathematical design model, v = m - n = 4.7 cm, the 842 

same is not the case on the ground floor. The finishing depth on the ground floor (“vg“) is about 2.8 cm 843 

bigger  844 

The increase of v on the ground floor, which is about the size of a thumb (2.52 centimeter), may have 845 

come later in the design development process. There are two possible explanations for this increment. 846 

One motivation for the change may have been the desire to reduce the final room width measured from 847 

the finished wall faces (“wf”) so that the diagonal of the cross vault square would be exactly 30 ft. 848 
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Indeed an increment in v of 0.0635 ft (1.9 centimeter) in the mathematical model gives a wf  of 21.213 849 

ft, the side of a cross vault square with a diagonal of 30.00 ft.  850 

There are a number of reasons why the designer may have wanted this diagonal to be an exact, even 851 

number. The side and diagonal of a square cannot both be even numbers, because they are related by 852 

an irrational number, the square root of two. The diagonal is the key measure when dealing with a 853 

square as we have seen in the plant design that started from the base square diagonal. Accordingly, the 854 

designer may have preferred to make the diagonal an even number, and leave the side of the square as 855 

the irrational number, which it was even before making this change. The number 30 has also some 856 

mystical appeal, a key number in the sexagesimal system. Furthermore, the even number 30 may have 857 

been a better reference dimension to give to masons with the task of cutting 16 gothic stone rib arches, 858 

the number required on the ground floor–the room dimensions and accordingly the cross vault rib 859 

arches are slightly larger on the upper floor. 860 

A second rationale for increasing the depth of the finishing layer is the peculiar nature of breccia rossa, 861 

the material chosen for decoration on the ground floor. Breccia rossa is present in all finishing details: 862 

the door and window frames, the columns, the cornices, etc. Breccia rossa is an amorphous stone made 863 

up of coralline pebbles of various sizes in hardened clay-type material rich of iron oxide that acts as a 864 

binder. It is a beautiful natural stone with deep colors, a nice composition but a coarse makeup, one that 865 

reminds us of the pattern of stone gravel embedded in concrete. Breccia rossa is a stone with intrinsic 866 

material weakness compared to marble, which has a more uniform composition. The red binder erodes 867 

much more easily than the embedded coralline stones, as noticeable nowadays in the parts of the castle 868 

made of this material. Breccia rossa has comparatively poorer tensile strength, making panels of this 869 

material, which were need for the wall finishing layer, fragile during the cutting, handling and 870 

installation processes. The designer may have concluded, therefore, that the finishing layer had to be 871 

increased to allow for thicker, stronger panels of breccia rossa, thus adding one more thumb to the 872 

finishing depth. There is no indication of how large these panels may have been, because no sample has 873 

survived the depredation in the XVII and XVIII centuries, so it is difficult to appraise how serious this 874 

problem may have been.  875 

It is theorized, therefore, that the initial planned measure of the finishing layer, which was intended to 876 

be the measure m-n (4.7 cm), was augmented on the ground floor by about a thumb, to about 7.5 cm. 877 

The number used in the mathematical model for vg is 0.22 ft (7.0 centimeter) that yields a cross vault 878 

square diagonal of 30.00 ft. This measure for vg is used in the plant final design as part of the 879 

modifications to determine the final measurements of the room width and the courtyard wall, 880 

measured from finished faces. 881 

Room and Courtyard Wall 882 

Having completed the final modifications to the towers, the design turns inward to the layout of the 883 

rooms and the courtyard wall. The interior design process follows the same geometric steps outlined in 884 
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the concept design, except that it starts from towers that are slightly larger, by the dimension k, and 885 

relocated out along the plant radial lines by the dimension i. The outdoor face of the façade wall is 886 

redefined as the line joining footing corners, not the tower corners. As shown above, this creates corner 887 

notches (Figure 23), which are filled in with masonry (Figure 24), which in turn creates a new critical 888 

crossing point M. The lateral thrusts are relocated to pass at the critical point M, Figures 21-23, making 889 

the minor diagonals anchored to the footing outer corners (EE) of the concept design the working lines 890 

for the cross vault lateral thrusts in the final design.  891 

As outlined above, the width of the room at the finished face is determined by a cross vault square with 892 

a diagonal of 30 ft. It is reasoned that this square may have become a fixed reference at this point in the 893 

design process. The reasoning is that this square is the foundation for the complex design of the cross 894 

vault elevation, involving many gothic arches and vaults. Indeed, it is likely that the elevation design of 895 

the cross vault structures may have been separated as a distinct design tread once the base dimension 896 

had been set. The motivation for such an approach is the many needs of construction planning, such as 897 

dealing with the masonry task of cutting 16 rib stone arches that are all identical in size on the ground 898 

floor. 899 

The outline of the courtyard remains fixed throughout the complex geometric operations carried out at 900 

the towers. The courtyard perimeter is the outdoor face of the courtyard wall, it remains unchanged 901 

from the concept design. It is the octagon formed at the center intersection of the minor diagonals 902 

anchored at the center of the towers, the latter being the towers defined in the concept design.  903 

In the final design, the size of the cross vault square is removed from the indoor face of the facade wall 904 

to mark the indoor face of the courtyard wall; the same design process established in the concept design 905 

phase. The width of the courtyard wall, b, is determined last as the distance between the two faces so 906 

defined. 907 

 908 

FINAL DESIGN 909 

The compounded modifications to the towers, first the resizing and then the relocation, were studiously 910 

designed and geometrically carried out to enlarge the usable space inside the towers and keep the 911 

geometry and measures for the rooms as established in the concept design. All the geometric changes 912 

were made in lump quantities that relate to the footing dimension f (k for the tower resizing, i for the 913 

tower relocation and n for the shift of the lateral thrusts).  914 

The designer managed to make the changes in a minimal way to keep the overall dimension of the castle 915 

close to the mystical concept startup: a base square with diagonals that combined measure 360 plus 916 

some remainder. These geometric changes are also added to the mathematical model. 917 
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The final design results in dimensions for towers, walls and rooms that match exactly the respective 918 

measures at the castle. The table below provides a summary of the key measures for the plant layout 919 

predicated by the design model and a comparison to known measures.  920 

The matching is nearly perfect based on the unit of measurement used at Castel del Monte, with the 921 

variances being in the range of a few centimeters or a fraction of a centimeter in many cases. It should 922 

be noted that this is well within the uncertainty of measurements and the variability of dimensions for 923 

repeating structures around the castle, such as the length of the tower side.  924 

 925 

Geometric Model Measures of the Ground Floor Plant Layout  

Structure Description Modeling Dimensions1 Measurements 

Plant octagon diagonal D” = 185.71 ft D” = 56.16 m 
D” = 56.08 m m   
(HG) 

Castle width at the façade wall 2h314 = 134.09 ft 
2h314 = 40.55 
m 

2h314 = 40.51 m   
(HG) 2 

Tower octagon major diagonal3 t’ = 27.88 ft t’ = 8.43 m t' = 8.43 m           

Tower octagon side s’ = 10.67 ft s’ = 3.23 m  s’ = 3.23 m         (HG) 

Tower octagon width u’ = 25.76 ft u’ = 7.79 m u' = 7.80 m         (HG) 

Footing dimension f = 1.27 ft f = 0.38 m  f = 0.39 m          (HG) 

Corner notch visible side 
dimension 

m = 0.53 ft m = 0.16 m m = 0.15 m        (HG) 

Façade wall width in the concept 
design 

a = 8.44 ft af = 2.55 m af = 2.56 m         (HG) 

Tower wall width at = 8.45 ft at = 2.56 m at = 2.56 m        

Façade wall width from finished 
face in the final modified design 

af"'= 8.45 ft af"' = 2.56 m 
af"' = 2.56 m         
(HG) 

Lateral thrust stonework width4 g = 2.54 ft g = 0.77 m  

Cross vault distance from facade 
wall in the concept design 

j = 8.88 ft j = 8.88 m  

Open space measure inside the 
tower after the tower resizing 

y' = 8.88 ft y' = 8.88 m  

Wall finishing layer v = 0.154 ft v = 0.047 m  

Wall finishing layer  on the 
ground floor5 

vg = 0.22 ft vg = 0.07 m vg = 0.075 m       

Room width from finished face 
in the final modified design5 

wf"' = 21.21 ft  wf"' = 6.41 m  
wf"' = 6.40 m        
(HG) 

Courtyard wall width from 
interior finished face on the 
ground floor5 

bf"' = 7.76 ft  bf"' = 2.35 m 
bf"' = 2.37 m         
(HG) 

Courtyard octagon side d2 = 24.49 ft d2 = 7.41 m d2 = 7.42 m        (HG) 

Courtyard width  2h2 = 59.13 ft  2h2 = 17.88 m 2h2 = 17.86 m    (HG) 

 926 
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Notes: 927 

1 The ft measurements are per the Castel del Monte unit of measurement, a foot of 0.3024 m. 928 

2 The measurements marked as HG are those reported by H. Götze, or deductible from the same. 929 

3 The ‘ marking indicates the theorized measure after the tower resizing. 930 

4 The “ marking indicates the theorized measure after the tower resizing and relocating.  931 

5 The "' marking indicates the theorized measure after the tower resizing, tower relocation, and 932 

lateral thrust relocation . 933 

 934 

The greatest divergence of significance is the 2.3-centimeter difference between the predicated and the 935 

reported measure for the courtyard wall. This is the wall delimiting the courtyard octagonal area, the 936 

octagon with the most irregularities as discussed by H. Götze. The study notes that optimizing to match 937 

the width of the courtyard wall, bf, tends to make worse the matching of the overall plant diameter, D, 938 

and vice versa. The measurement for these dimensions needs to be improved before a final 939 

determination can be made. Although we are dealing with the resolution of very small differences, of 940 

only a few centimeters, between predicated and actual measurements, these are important questions in 941 

deciphering the work of the designer. This also attests to the astonishing precision that the designers 942 

achieved both in the mathematics and the stone implementation 800 years ago, in the Middle Ages.  943 

The precision of measurements made in recent times and reported in the literature is typically in 944 

relation to the role that the measure plays in the geometric design model. D, f and v play no role in the 945 

model theorized by H. Götze, and come to this study with the least certainty. In contrast, H. Götze gives 946 

us the measurement of the tower octagon side with great certainty (s’ = 3.23 m). Indeed H. Götze 947 

provides the measurement for each of the 48 tower sides, of which 32 are geometrically similar, 948 

excluding those that incorporate the corner notch. The mathematical mean of the tower side from this 949 

pool of 32 measurements is 3.229 meter. Statistically, it is also determined from these data that there is 950 

a 95% probability that the measure of the regular tower octagon side falls in a range that is 3.204 meter 951 

at the low end and 3.253 meter at the high end. This small range of about 5 centimeters accounts for 952 

various sources of uncertainties and variability: (1) our measurement uncertainty, however small, that 953 

inevitably is associated with any measurement; (2) the variability among 32 actual tower sides; and (3) 954 

the construction inaccuracies by the builder 800 years ago. The mathematical model prediction is 3.227 955 

meter for this measure, which falls in the middle of the measurement uncertainty range, and is a perfect 956 

match to the mathematical mean of this set of 32 measurements (3.229 meter), differing by less than 2 957 

millimeters.   958 

The perfect matching provides irrefutable support to this new geometric design model of the plant at 959 

Castel del Monte, although there is room for refinements in the development story itself, the steps, 960 

motivations, etc. But what is most amazing upon further reflection is the precision in the construction 961 

that the builders achieved 800 years ago, using a technology of which we know little about.  962 

THE TWO-PHASE DESIGN 963 
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The lines for the cross vault lateral thrusts in the final design, following (1) the tower resizing, (2) the 964 

tower slide, and (3) the lateral trust relocation to the new critical corner point M (after filling in the 965 

corner notches), turn out to be geometrically the minor diagonals of the plant octagon at the footing 966 

corners in the concept design. The designers kept the lines of lateral thrusts within the boundary of the 967 

concept design while pursuing complex geometric manipulations to increase the size of the towers. This 968 

is a very significant observation. It shows an effort to increase the tower size using geometric 969 

justifications, while remaining consistent and true with the initial concept definition of the octagonal 970 

solution to the cross vault lateral thrusts. This solution is the eight-pointed star that ties the cross vault 971 

location to the corner-point attachment of the towers to the court, a star with earthly dimensions of 360 972 

feet and a remainder (367.55 ft). The resulting changes in the tower dimensions are minor, especially in 973 

consideration of the convoluted geometric work that resulted. The room size was meticulously returned 974 

to the concept design dimension, albeit with the use of some exploits such as the introduction of a 975 

finishing layer for the room wall, a finishing detail in a structural design phase.   976 

This suggests a separation between the creators of the design concept, the architects, and the designers 977 

that executed the complex and mind boggling geometric manipulations that resulted in the modified 978 

design. The presence of two stages in the design is the argument that the concept design may have been 979 

formulated by a royal cohort, while the modifications may have been made by subordinates with the 980 

task of translating the royal concept into a detailed construction design. Yet there is a strong and unique 981 

tie between these two design phases that is not likely to be found in any other subsequent stages of the 982 

project realization - the geometry. 983 

Because of the geometric underpinning common between these two design phases, it is possible that 984 

they were two successive steps in a design by the same body or related bodies of royal cohorts. The 985 

level of mathematical and geometric knowledge to perform the design modification would have likely 986 

been available at the royal court that historians describe as including mathematicians and philosophers 987 

from Europe and the Middle East. But, if the same designers worked on both phases, why wouldn't they 988 

be accommodating to redefining the base square dimension of the castle in order to increase the open 989 

space inside the towers?  990 

The inspirational concept of an octagon based on a square measuring the number of days in a year may 991 

have been a fundamental decision in the design, one that even the design concept creators may have 992 

been reluctant to stray from, leaving the remainder as the flexible part for making adjustments. The 993 

medieval cultural approach to reconciling facts with beliefs, and dismissing the irreconcilable as 994 

imperfection, could have served to persuade the same people that came up with the concept design to 995 

accept the modifications as inevitable and suitable imperfections.  996 

The attribution of these two key design steps between creators and designers cannot be resolved with 997 

certainty. It is likely that there may have been some overlap in the design work by various people in the 998 

cast of subordinates at the court, with iterative formulations being passed up and down, as the design 999 

had to have final royal approval before being dispatched for the construction. Again, these are design 1000 
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phases closely tied to each other by the underlining geometry that powers and unifies the design 1001 

process. It should be noted also that the mathematics at the core of this design that is trivial nowadays 1002 

was a challenge in medieval time, where mathematical operations were made in the duodecimal 1003 

system, and there were no fully developed trigonometric tables.  1004 

There are other, less significant and location-specific deviations from the plant design addressed in the 1005 

literature. One important modification occurred at the entrance room on the ground floor. This and 1006 

other modifications likely occurred as the design passed through various hands up to and during the 1007 

construction that lasted 10 years. This is a common occurrence in building construction, even in modern 1008 

times. However, there were no modifications to the basic plant design, which remained intact 1009 

throughout the construction. It is remarkable, for example, that details like the corner notches, whose 1010 

knowledge was not necessary past the design phase, may have been clear in the mind of the builders as 1011 

they left them cast in stone on the roof of the castle, Figure 24. Little is available from the literature on 1012 

the restoration work in modern times that may have preserved or recreated such details; the condition 1013 

of the castle was very precarious when first acquired by the State in the XIX century. In either case, the 1014 

corner notch is an inevitable detail that springs out from the masonry in tracing the geometric forms.  1015 

The plant design in its two-phase components is the most compelling message and lesson in the castle 1016 

design. Its mathematical basis provides a springboard for continued studies; most interesting remain the 1017 

study of elevation forms and the upper floor.  1018 

 1019 

CONCLUSIONS 1020 

History gives us no information about Castel del Monte, other than it was built on orders from Frederick 1021 

II, in the fourth decade of the XIII century, in the closing period of his reign. A study of the forms and 1022 

dimensions at the ground floor of Castel del Monte in consideration of the structural requirements 1023 

produces a new design model, radically different from that proposed by H. Götze and many others.  1024 

This new model is centered on structural considerations that are the first concerns of an architect to 1025 

ensure a solid edifice that will not collapse upon construction. The concerns deal with the countering of 1026 

lateral thrusts emanating from cross vaults, a ubiquitous construction problem with cross vaults. In 1027 

Castel del Monte, the architect pursued a distinctive solution when cross vaults are set in each of the 1028 

eight wings of an octagonal plant. The key to the unique solution is the eight-pointed star formed by 1029 

minor diagonals inside the octagon, a star known in antiquity as the compass rose. By making the cross 1030 

vaults out of the intersections of the minor diagonals, the lateral trusts are focused at the corners of the 1031 

star. The architect used massive towers at the corners of the star as counterpoises to hold these lateral 1032 

thrusts that tend to push out.  1033 

The plant design evolved around this star concept, following a geometric process with the star-shaped 1034 

minor diagonals remaining the key reference. The design process is a sequence of geometric derivations 1035 
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starting at the periphery of the plant octagon, at the towers, and moving inside toward the courtyard. 1036 

These geometric derivations have simple mathematical relationships that together form a mathematical 1037 

model. This model together with reported measures at the castle and some knowledge on medieval 1038 

mysticism and culture are used in a forensic study to theorize about the design process.  1039 

The design most likely passed through various hands, starting with the royal cohort and ending with 1040 

Cistercians that most likely executed the construction. The study identifies two key stages in the design 1041 

process: first came a concept design that laid out the basic plant forms and measures, and then came a 1042 

major modification as the architect felt a need for more space inside the towers. The geometric aspect 1043 

of the design is further demonstrated by the fact that all key structural measures are derived from a 1044 

single dimension, the plant octagon major diagonal, or its surrogate, the side of the base square 1045 

inscribed inside the plant octagon.  1046 

The design theorized here is based on geometric derivations and elementary mathematics that are 1047 

consistent with the knowledge in the XIII century. Even the fundamental measure, from which all other 1048 

measures are derived, is traced to iconic beliefs at the height of the Middle Ages. The base octagon, 1049 

formed around a square that symbolized the Earth, was given an earthly dimension, the number of days 1050 

in a year.  1051 

This study has yielded some new discoveries such as the foot of 0.302 meter used in the construction of 1052 

this castle. This study also theorizes about a stonework structure to carry lateral thrusts that is buried 1053 

inside the walls and overburdens. The other amazing discovery is the detailed geometric properties in 1054 

the corner area of the tower footing. It presents a menagerie of small triangles that the medieval 1055 

architect used for its geometric manipulations in finalizing the plant design. It shows a thematic 1056 

knowledge in geometry and mathematics as related to architecture that historians attribute to Muslim 1057 

works, an influence at the castle advocated by H. Götze. Indeed, history reports that the court of 1058 

Frederick II included mathematicians and philosophers from northern Europe and the Middle East.  1059 

The theory weaved here about the plant design of Castel del Monte provides an elegant explanation of 1060 

many of the measures and construction details. Its greatest success is in being able to predict most of 1061 

the measures and design details of the plant with extreme accuracy, and provides a logical explanation 1062 

for their provenance. It explains, for example, the corner notch discovered by H. Götze and the 1063 

seemingly irregular tower octagon addressed by many scholars. It reproduces the plant forms and 1064 

measures accurate to within a fraction of a centimeter where the measurements are known with most 1065 

certainty. The strengths of this new model are: (1) the analytical methodology that is elementary and 1066 

geometrically reproducible, well within the capabilities of XIII century architects; and (2) the 1067 

mathematical basis that makes it flexible and proactive. It is a model that must have been in the mind of 1068 

the architect, because Castel del Monte could not exist without this plan.  1069 

Castel del Monte is a beautiful and strong edifice that has stood for 800 years, rescued from the ravages 1070 

of the natural elements and from abandonment. While it was structurally a success, the castle appears 1071 
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to have been functionally and operationally a disappointment, because it was not used much as either a 1072 

military bastion or a royal residence. The remote location, still a mystery, was certainly an aggravating 1073 

factor. The historical significance of this construction is in the geometric design and what it tells us about 1074 

the people at the height of the Middle Ages. The design of Castel del Monte may have been unique in 1075 

the use of geometry and mathematics, a fortuitous gem that reveals details of medieval architecture 1076 

and design knowledge. 1077 

 1078 

Figures: 1079 

1. Castel del Monte. 1080 

2. Basic design layout. 1081 

3. Plant base octagon. 1082 

4. Foundation and tower footing. 1083 

5. Square cross vault in trapezoidal-shaped ceiling.  1084 

 (Picture stitched from separate photographs, reproducing photographic distortions.) 1085 

6. Line-up of lateral thrust along minor diagonals. 1086 

7. Cross vault lateral thrusts and masonry response. 1087 

8. Design concept startup. 1088 

9. Geometric tower design. 1089 

10. Tower wall and footing. 1090 

11. Façade wall Geometric Design. 1091 

12. Cross vault location and room width.  1092 

13. Theorized lateral thrust stonework. 1093 

14. Example of stonework associated with stone arches. 1094 

15. Star-shaped pattern of cross vault lateral thrust stonework. 1095 

16. Room and courtyard wall design incorporating lateral trust stonework. 1096 

17. Spiral stairway at Castel del Monte. 1097 

18. Footing corner triangles.  1098 

19. Resized tower octagon design. 1099 

20. Resized tower result at the cross vault. 1100 

21. Relocation of resized tower octagons. 1101 

22. Corner notch. 1102 

23. Final tower design. 1103 

24. Example of a corner notch on the roof.  1104 

(Corner H of second tower counterclockwise of portal.) 1105 
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25. Finishing indoor wall layer. 1106 
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Fig. 1.  Castel del Monte. 
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Fig. 2.  Basic design layout. 
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Fig. 3.  Plant base octagon. 
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Fig. 4.  Foundation and tower footing. 
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Fig. 5. Square cross vault in trapezoidal-shaped ceiling. 
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Fig. 6.  Lining up of lateral thrusts along 

            minor diagonals. 
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Fig. 7.  Cross vault Lateral thrusts and 

            masonry response. 
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Fig. 9.  Geometric tower design. 
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Fig. 10.  Tower  wall and  footing. 
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Fig. 11. Façade wall geometric design. 

a 

Façade wall 

Outdoor face Indoor stone face 

f 

45° 

s · cos 45° 

a = s · cos 45° + 

f 

B D 
C 

E A 

H 
G 

F 

H 

A 
B AA 

B 

AA 

H 

H 

AA 

s 
AA H 

AA 

AA 

EE 

DD 
CC 

BB 

HH 
GG 

FF 

AA 



The Geometric Design of Castel del Monte Domenico Lanera File cdm-180-210, 12-14-2010 

Fig. 12.  Cross vault location and room width. 
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Fig. 13.  Theorized lateral thrust stonework. 
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Fig. 14.  Example of stonework 

              associated with stone arches. 
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Fig. 15.  Star-shaped pattern of  cross 

              vault lateral thrust stonework. 
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Fig. 16.  Room and courtyard wall design incorporating lateral trust stonework. 
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Fig. 17.  Spiral stairway at Castel del Monte. 
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Fig. 18.  Footing corner triangles. 
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Fig. 19. Resized tower octagon design. 
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Fig. 20.  Rsized tower result at the cross vault. 
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Fig. 22. Corner notch. 
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Fig. 23.  Final tower design. 
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Fig. 24.  Example of corner notch on the roof of Castel del Monte. 

              (Corner H of second tower counterclockwise of portal.) 
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